ASYMPTOTIC EXPANSION OF AN EXPONENTIAL
FUNCTION OF FRACTIONAL ORDER*

(ASIMPTOTICHESKOE RAZLOZHENIE EKSPONENTSIAL’NOIX
FUNKTSII DROBNOGO PORIADKA)

PMM Vol.25, No.4, 1961, pp. 796-798

B. D. ANNIN
(Novosibirsk)

(Received April 25, 1961)

The exponential functlion of fractional order introduced by Rabotnov [1]
has the form
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We are interested in the asymptotic expansion for large t of this
function and its derivatives with respect to t and 8, and also of the
integrals
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The following theorem, which was established in [ 2], is basic for
this article.

Theorem 1. Let us consider the function
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where ¢ is an arbitrary constant, real or complex.

Let h(n) be such that if one considers the function h(w), where
w= z+ iy in any half-space x > z,, then

* +While reading the proof sheets, the author became aware of the works

of M.M. Dzhrbashian [ 4,5 ] in which were investigated, in particular,
important properties of functions of the type 3, (8, t).

1192



Exzpansion of an exponential function 1193

h (w)
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is a single-valued analytic function » which for large values of the
modulus can be represented in the form
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where €g, €1 ee- do not depend on », and where the function 8(yw, s) is
such that
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Thus, for the function E (z, ¢) with large | z|., there exist asymptotic
representations:
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The first summation is performed for all p for which
1
larg z + 2ap | < 5y

Let us restrict ourselves to the case 0 < a + 1< 2, If B> 0, then
it follows from (5), and if 8< 0 from (4), that
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If B< 0 we deduce from (8) that for large ¢
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Analogously, using Theorem 1, one can show that the asymptotic ex-
pansions of d 3, (B, t)/d¢t and d 9,(8, t)/ IS will be equal to the deriva-
tives with respect to t and B of the asymptotic expansion (8) for
'9a (B! t)'

with the aid of the same theorem one can find

Furthermore,
! ] L
\9a @, 1)dt ~——— — exp 3’ t? (3> 0)
h B(1+a) (10)
t =0
1 (3!1+l )—n )
—~ o —— g2l . i i
SSG(B' Hd 5! ; T2 L2 (o - 1) ] (30
[ -
! (14-2a) 1 1
235 (B, 1) e - f -y i N
\ aaB dl~(1+a)2f’ i exp (1B +a)[1___—;:_3 aJ (320
0
{ = .
\0‘9‘1 B, 1) ' (>t li) n (BT -~ 0 (1
T R B CE I CE T << )
0 ==

The asymptotic expansion (10) with B < 0 was found earlier by
Rozovskii [3 1.

We note that if 8 is a complex number, then

. 1 ’ a1
lim 9, (8, t)=0 for Tn(1+a)<argﬁ<(2— 7 \n
=00 < Vi

lim 9, (8, 1) =oco for jargB|< 3 m(a+1)
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If a+ 12> 2, then one must use Formula (7).
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